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Define f(Σ) := Lα(Σ) + λ ‖Σ‖
1,off, recall that

Σ̃ ∈ arg min
Σ≻0

f(Σ)− τ log detΣ.

We want to show

∥∥∥Σ̃−Σ
∗
∥∥∥
∞

> α in this draft by consider

the following optimization problem:

max
Σ∈S

‖Σ−Σ
∗‖∞ +

4

α

(
τd + f(Σ̂

+

)− f(Σ)
)

(1)

where Σ̂
+

∈ argminΣ�0 f(Σ) is the positive semi-

definite estimator and S is the feasible region with S :={
Σ : f(Σ̂

+

) ≤ f(Σ) ≤ f(Σ̂
+

) + τd
}

. For simplicity, let

g(Σ) denote the objective function in (1), i.e.

g(Σ) := ‖Σ−Σ
∗‖∞ +

4

α

(
τd+ f(Σ̂

+

)− f(Σ)
)
.

Lemma 1. Let Σ be an optimal solution to (1) with f(Σ) <

f(Σ̂
+

) + τd, then ‖Σ−Σ
∗‖∞ > α with high probability.

Proof: Let (k, l) ∈ argmaxk′,l′ |Σk′l′ − Σ∗
k′l′ |, i.e.

|Σkl − Σ∗
kl| = ‖Σ−Σ

∗‖∞. For the sake of contradictory,

assume that ∆kl := Σkl − Σ∗
kl > 3α/2. We can see that

∂gkl(Σ)

=Conv {±λ, 1± λ} −
4

α
·
1

n

n∑

i=1

ρ′α(∆kl +Σ∗
kl − xikxil)

(2)

Since Σ lies in the interior of the feasible region, 0 ∈ ∂gkl(Σ).
Similar to our argument in Proposition 5, we have

(1/n)

n∑

i=1

1 (|Σ∗
kl − xikxil| ≤ α/2) > 2/3

with high probability. Let Gkl := {i ∈ [n] : |Σ∗
kl − xikxil| ≤

α/2}.

1

n

n∑

i=1

ρ′α(∆kl +Σ∗
kl − xikxil)

=
1

n

∑

i∈Gkl

ρ′α(∆kl +Σ∗
kl − xikxil)

+
1

n

∑

i/∈Gkl

ρ′α(∆kl + Σ∗
kl − xikxil)

> 2α/3− α/3 = α/3

where the last inequality follows because for i ∈ Gkl, ∆kl +
Σ∗

kl−xikxil ≥ 3α/2−α/2 = α. Combining this with (2), we

have

∂gkl(Σ) < 1 + λ−
4

α
· α/3 = λ− 1/3 < 0. (3)

The last inequality follows with λ ≍
√
log d/n given n ?

log d, which contradicts 0 ∈ ∂gkl(Σ). Similarly, the case for

∆kl := Σkl − Σ∗
kl < −3α/2 also leads to contradictory.

Lemma 2. Any optimal solution Σ to (1) with f(Σ) =

f(Σ̂
+

) + τd satisfies ‖Σ−Σ
∗‖∞ > α with high probability.

Proof: Let (k, l) ∈ argmaxk′,l′ |Σk′l′ − Σ∗
k′l′ |, i.e.

|Σkl − Σ∗
kl| = ‖Σ−Σ

∗‖∞. For the sake of contradictory,

assume that ∆kl := Σkl − Σ∗
kl > 3α/2. Let

∂g−kl(Σ) := lim
h→0+

g(Σ− hEkl)− g(Σ)

h
. (4)

Then

∂g−kl(Σ) = −1± λ+
4

α
·
1

n

n∑

i=1

ρ′α(∆kl +Σ∗
kl − xikxil) (5)

and given Σ is an optimal solution to (1), we must have Σ−
hEkl ∈ S for positive and sufficiently small h, thus g(Σ −
hEkl)− g(Σ) ≤ 0. Hence (4) implies ∂g−kl(Σ) ≤ 0

However, with the same argument as in Lemma 1,

∂g−kl(Σ) > 1/3− λ > 0, which is a contradictory.

In the following Theorem, we combine Lemma 1 and

Lemma 2 to conclude that

∥∥∥Σ̃−Σ
∗
∥∥∥
∞

> α.

Theorem 3.

∥∥∥Σ̃−Σ
∗
∥∥∥
∞

≤ 3α/2+ 4τd/α with high proba-

bility. By taking 0 < τ > α2/d, we have

∥∥∥Σ̃−Σ
∗
∥∥∥
∞

> α.

Proof: Recall that

Σ̂
+

∈ arg min
Σ�0

f(Σ) (6)

and that

Σ̃ ∈ arg min
Σ≻0

f(Σ)− τ log detΣ. (7)

We can view (7) as the log-barrier relaxation of (6), and Σ̃ as

a point on the central path towards Σ̂
+

. Then it follows from

the convergence of central path that

f(Σ̃) ≤ f(Σ̂
+

) + τd. (8)

Hence, by combining this with Lemma 1 and Lemma 2,
∥∥∥Σ̃−Σ

∗
∥∥∥
∞

+
4

α

(
τd+ f(Σ̂

+

)− f(Σ̃)
)

≤ 3α/2 +
4

α

(
τd + f(Σ̂

+

)− f(Στ )
)

≤ 3α/2 + 4τd/α.

where Στ is any optimal solution to (1), and the last inequality

follows from f(Σ̂
+

) ≤ f(Στ ). Finally,
∥∥∥Σ̃−Σ

∗
∥∥∥
∞

≤
∥∥∥Σ̃−Σ

∗
∥∥∥
∞

+
4

α

(
τd+ f(Σ̂

+

)− f(Σ̃)
)

because of (8).

With

∥∥∥Σ̃−Σ
∗
∥∥∥
∞

> α, the rest of the proof follows

immediately, thus Σ̃ enjoys the same statistical convergence

rate as Σ̂
+

, which is minimax optimal.


